Graphene has two very important optical properties of population inversion of electrons, and broadband optical gain. As a result, graphene has potential for use in lasers and amplifiers.
INTRODUCTION
In semiconductor lasers, vertical-cavity surface-emitting lasers (VeSELs) at around l.3 11m have been expected to realize high-performance and low-cost light sources for fiber optic communication systems [1] , [2] . The large conduction band offset improves the temperature performance over that of conventional InP-based materials. The GaAs system provides high-performance AIGaAs-GaAs distributed Bragg reflector (DBR) mirrors and permits the use of the well-established oxide-confined GaAs-based veSEL manufacturing infrastructure. VeSEL and smart pixel arrays are very important for constructing optical interconnection systems because they can emit, switch and process a number of broadband optical signals simultaneously [2] . Meanwhile, motivated by the desire to reduce the laser threshold, an ultimate microscopic limit of semiconductor lasers is a strongly coupled single quantum-emitter-cavity system [3] [9]. In the past decade, considerable progress has been made in the fabrication of high-Q semiconductor microcavity with quasi-three-dimensional photon confinement to enable strong light-matter interaction [3] - [5] . In particular, a single quantum-dot-cavity laser system with ultralow-threshold proposed as the solid-state analog to a thresholdless one-atom laser have been investigated for both fundamental interests and applications since 1999 [5] - [8] .
At the same time, the facile fabrication of high-quality graphene-nanoribbons (GNRs) has stimulated extensive research since the successful fabrication and characterization of monolayer graphene [9] - [18] . Several previous studies have shown that the quasi-particle band gap of armchair-edged GNRs (AGNRs) is in the interesting energy range of 1-3 eV for 2-1 run wide GNRs due to many-body effects [11]- [16] . Notably, GNRs are excellent candidates for lasing gain emitter since they are found to be stable even without hydrogen passivation. In our model we assumed electrical pumping with unity internal quantum efficiency, ignoring effects such as leakage current. One way to approach this ideal limit is to incorporate the GNR into a double-heterojunction resonant tunneling structure, similar to that used to inject excitons into quantum wells [19] . Carriers can tunnel from the doped Si state to a lower ground state, which is the lowest excited state having the main oscillator strength [1], [9] , [17] . For this reason, we could take into account only this state for the exciton photon interaction, and in the corresponding theoretical model, this exciton-photon coupling interaction is described by the Jaynes-Cummings Hamiltonian [1]- [4] , [9] . On the other hand, we should notice that there are two paths by which to pump the AGNR to the upper laser state. Either a hole tunnels first, followed by an electron tunneling event, or an electron tunnels first, followed by a hole tunneling event. We denote the intermediate states lone hole>lzero electron> and Izero hole>lone electron> as states IJ> and 11>, respectively. As a consequence, the system can be described as an incoherently In the dipole approximation [20] , [21] , the Hamiltonian is further given by
where OJe is the resonant frequency for cavity mode, 0J0 is the corresponding lasing transition frequency of the exciton mode in AGNR that is assumed to be resonant with the cavity mode, and g is the coupling strength of the transition between lasing levels, IE> and IG>, and the cavity mode of the DBR for the (2) where LA G NR is the dissipation term corresponding to AGNR gain medium, Lcavity is the cavity field dissipation term, and
Lpump is the incoherent pumping term. The dissipation terms lead to non-unitary evolution given by LC aVl IY = -� (a + ap + pa+ a -2 a pa+ ) (4) where, the rate y describes the combined effect of spontaneous emission of photons in modes other than the lasing mode and nonradiative decay, and K is the photon damping rate of cavity in the laser mode. And incoherent pumping term is described by : t Pjj = ( Lc aVl IY -RJE )Pjj + Rel PCC : t P JJ = ( Lc aVi lY -RJE )PJJ + Re J Pcc where r = (y + Re I + ReJ )/2 + Y * , and y * describes an additional pure dephasing rate, which is mainly due to phonon scattering. The quantum master equation, Eqn. (2) can be written as a first-order differential equations and solved by numerically using the Savage and Carmichael simulation method [5] , [20] , [21] .
III.
RESULTS AND DISCUSSIONS Now we first consider realistic parameters for our modeled electrically pumped GNR VCSEL system, and then examine the dynamics as well as the general steady state properties. In our modeled system in Fig. 1, we [9] , [12] . Finally, in the system considered here, the emitter-cavity coupling constant g can readily reach up to g/21F33 MHz [3] , [4] , [9] . With these parameters, we solve Eq.(5) to investigate the properties of single AGNR VCSEL device. Now, we investigate the steady-state mean photon number (n) = ( n ( t ) ) 55 = ( a + ( t )a( t )) 55 versus pumping excitation rate R£ for different values of coupling strength g. Fig. 3 shows the mean photon number in the lasing mode for different photon damping rates K as the pump rate is changed. The generic behavior for all K is characterized by an increase in the mean photon number up to a maximum value, followed by a monotonic decrease. This self-quenching is due to the destruction of the coherence between the lasing levels by the strong incoherent pump, which was also predicted for incoherently pumped single-quantum-dot microcavity lasers [4] - [6] , [9] . pump current (pA) Fig. 4 .
Nonnalized output power 1 (pW/MHz) versus excitation pumping current RE for a wider range of photon damping rates of 1?6 (black), 5(yellow), 3(blue), 2. 5(green), and 2 MHz(red), respectively. The parameter g�200MHz.
Note that the output power is nonnalized to K and the pumping rate is nonnalized to current.
intracavity mean photon number ( n) . It is also found that decreasing K also increases the intracavity mean photon number, which was also observed in one-atom laser [20] , [21] and single-quantum-dot laser [3] , [5] , [8] .
Next, we evaluate the normalized output power Pout to give a quantitative assessment of the performance of the single AGNR VeSEL device for a wider range of photon damping rates K. Fig. 5 shows the normalized output power Pou/<K> for 1F6, 5, 3, 2.5, and 2 MHz, which corresponds to Q=2.4x 10 8 , 2.9x10 8 , 4.8x10 8 , 5.8x l0 8 , and 7.3x l0 8 , respectively. We find that, above a photon number of unity in the lasing mode, a sharp increase in the photon number and decrease in the linewidth is observed as the pump strength R E is increased.
The generic behavior for all K is characterized by an increase in the mean photon number up to a maximum value, followed by a monotonic decrease. This self-quenching was also predicted for incoherently pumped single-quantum-dot microcavity lasers due to the destruction of the coherence between the lasing levels by the strong incoherent pump [3] , [5] . Moreover, the cavity Purcell effect leads to much more photons than those generated by transition via excitonic spontaneous decay of AGNR alone. The AGNR quantum lasing emitter is therefore essentially analogous to one-atom laser or single-quantum-dot microcavity laser [3] , [8] , [20] , [21] .
With increasing Q the onset of self-quenching is shifted to higher pump rates, and there is a larger regime with a linear input/output power characteristic. The threshold for 1F5 MHz corresponds to a current of 22.4 pA, which is more than five orders of magnitude lower than the current of 70f.lA record for a microcavity semiconductor laser [24] . ( n) = r ( PEE -PGG Xn)+ r PEE -K ( n) . 2g2 [ 2 g2 ) PEE =r (PEE -PG GXn)r + r PEE where PEE and PGG are the probabilities of finding the AGNR in state E and G, respectively, and <n> is the mean photon number. We use the derived approximations for the linewidth to give a quantitative analysis of the steady state properties of the single-GNR VeSEL for a wider range of photon damping rates of 1F6, 5, 3, 2.5, and 2 MHz, which corresponds to Q=4.9x10 8 , 6.5x10 8 , 9.8x10 8 , 1.9x l0 9 , and 3.9x l0 9 , respectively. Following the Yamamoto's approach described in Ref. [23] , a semiclassical approximation for the Iinewidth is obtained as 1 [ 2 g2 ) L1 VFWHM = 2 " Kr (PEE -PGG ) (8) where PEE and PGG are the semiclassical steady state results for the effective two-level system. The linewidth results of the semiclassical approximation are depicted in Fig. 5 for 1F6, 5, 3, 2.5, and 2 MHz. At small pump rates, the Iinewidth is broadened with respect to the empty cavity linewidth, due to the presence of the absorbing gain medium. As a result of the large coupling constant, this broadening is quite significant, even if the gain absorber is such a single AGNR quantum emitter. Above a photon number of unity in the lasing mode, a sharp decrease in the linewidth is observed. However, at very high pump rate, the AGNR is completely decoupled from the cavity mode due to self-quenching, and thus the linewidth broadens and approaches the empty cavity linewidth KI2n as the pump rate further increases, as indicated in our calculated lasing spectral in Fig.(5) .
We want to point out that in such a single-AGNR-cavity coupled system has promlSlng properties for future applications such as single photon sources and low-cost light source for fiber-optic communication system [2] , [25] . In the future, large-scale monolithic photonic integrated circuits 
